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1. Introduction 

It is well known that integral equations have wide applications in engineering, mechanics, 
physics, economics, optimization, vehicular traffic, biology, queuing theory and so on (see 
ESI, ra, Ei, 0, E3). The theory of integral equations is rapidly developing with the help 
of tools in functional analysis, topology and fixed point theory. Therefore, many different 
methods are used to obtain the solution of the nonlinear integral equation. Moreover, some 

methods can be found in Refs. 0 , ESI, 0, EB, a, 0 , 0 , 0 , to discuss and obtain the 
solution of Hammerstein integral equation. In [7j J.Appell and A.S. Kalitvin used fixed 
point methods and methods of nonlinear spectral theory to obtain the solution of integral 
equations of Hammerstein or Uryson type. The existence of positive solutions of abstract 
integral equations of Hammerstein type is discussed in [5], In [3] M.A. Abdou, M.M. El-Borai 
and M.M. El-Kojok the existence and uniqueness solution of the nonlinear integral equation 
of Hammerstein type with discontinuous kernel are discussed. 

This present paper, we study solvability homogeneous integral equation of Hammerstein 
type. An integral equation of the form 

K(t, u)T(f, f(u))du = f(t) (1.1) 

is called the homogeneous Hammerstein integral equation, where K(t,u ) is continuous real¬ 
valued function defined on 0 < t < 0, 0 < u < 1, f : [0,1] x R -)■ M is a continuous function 
and f(t) is unknown function from C[0,1]. 

Let T(f, z), z) be continuous and bounded for t G [0,1] and for all z. Then [20j 

the Hammerstein integral equation (11.11) has a solution. Assume that T(t,z) is a bounded 
continuous function for t G [0,1] and z G BL In this case, also the Hammerstein integral 
equation (11.11) has [18] a solution. For the necessary details of this theorem and for more 
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results on the Hammerstein integral equation, we refer to Petryshyn and Fitzpatrik [ 22 ], 
Browder [9], Brezis and Browder [8j. 

Recently, in mi consider the case = 'P(^). Let T (z) is monotone left-continuous 

function on [0,+oo) and = +oo, lim x ^. +00 ^& = 0. Then [TTj the integral equa¬ 

tion of Hammerstein type (II. lj) has a solution. 

In this work, we will consider the following integral equation of Hammerstein type (i.e. 
in (II.ip = 'F(z) = z 9 ): 

K(t,u)f(u)du = f(t), i? > 1 (1.2) 

on the (7[0,1], where K(t,u ) is strictly positive continuous function. 

By the Theorem 44.8 from ca follows the existence of nontrivial positive solution of 
the Hammerstein equation (11.21) . We study the problem of existence finite number positive 
solutions of the integral equation of Hammerstein type (11.2)1 . 

Consider the nonlinear operator R a on the cone of positive continuous functions on [0,1] : 



(■Raf ) (t) 


fo K(t,u)f(u)du \ a 
fo K(0,u)f(u)duj 


(1.3) 


where K(t, u) is given in the integral equation of Hammerstein type (II. ip and a > 0. Operator 
of the form (11.31) arising in the theory of Gibbs measures (see [13], [12], [25]). Positive fixed 
points of the operator R fceN and they numbers is very important to study Gibbs measures 
for models on a Cayley tree. 

In [[13], in the case a = 1 the uniqueness positive fixed points of the nonlinear operator 
R a (11.31) is proved. In [12], in the case a = k G N, k > 1 for the nonlinear operator R a 
was proved the existence of positive fixed point and the existence Gibbs measure for some 
mathematical models on a Cayley tree. 

The aim of this work is to study the existence finite number positive solutions of the 
Hammerstein equation (II.2ft on the space of continuous functions on [0,1]. The plan of this 
paper is as follows. In the second section using properties of Hammerstein equation (j 1.2 [) we 
reduce some statements on the positive fixed point of the operator R a . In the third section 
we construct the strictly positive continuous kernel K(t,u) such that, the corresponding 
Hammerstein equation (11.21) has n G N positive solutions. In the fourth section obtained 
results for the operator R a applied to study Gibbs measures for models on a Cayley tree. 


2. Existence and uniqueness of positive fixed points of the operator R a 

In this section we study the existence and the uniqueness positive fixed points of the 
nonlinear operator R a (11.31) . Put 


C+[0,1 } = {fe C[0, 1] : f(x) > 0}, C 0 + [0, 1] = C + [0,1 ]\{9 = 0}. 

Well then the set C + [0,1] is the cone of positive continuous functions on [0,1]. 
We define the Hammerstein operator H$ on C[0,1] by the equality 

H$f(t) = j K(t, u)f 9 (u)du = f(t), d>l. 

■Jo 
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Clearly, that by the Theorem 44.8 from na we obtained 
Theorem 1. Let $ > 1. The equation 

Hof = f (2.1) 

has at least one solution in (7^(0,1]. 

Put 

= {/e C + [0,1] :/(0) = 1} . 

Lemma 1. Let a > 1. The equation 

Raf = f , /eC 0 +[0,1] (2.2) 

has a positive solution iff the Hammerstein operator has a positive eigenvalue, i. e. the Ham- 
merstein equation 

H a g = Xg , feC+[0,l] (2.3) 

has a positive solution in A4 0 for some A > 0. 

Proof. We define the linear operator W and the linear functional u on the C[0,1] by following 
equalities 


(Wf)(t) = [ K(t,u)f(u)du , w(f)= [ K(0,u)f(u)du. 

Jo Jo 

Necessariness. Let f 0 G C'g’fO, 1] be a solution of the equation (12.2[) . We have 
From this equality we get 

(H a h)(t) = A 0 h(t), 

where h{t) = '</ foit) and A 0 = c o(f 0 ) > 0. 

It is easy to see that h G A4o and h(t) is an eigenfunction of the Hammerstein’s operator 
H a , corresponding the positive eigenvalue A 0 . 

Sufficiency. Let h G A4o be an eigenfunction of the Hammerstein’s operator H a . Then 
there is a number Ao > 0 such that H a h = X 0 h. From h( 0) = 1 we get Ao = (H a h)( 0) = u(h a ). 
Then 


h { t) = JLLJf. 

v ' oj(h a ) 

From this equality we get R a fo — fo with f 0 = h a E C'o’[0,1]. This completes the proof. □ 

Theorem 2. The equation 112.2 1) has at least one solution in Co"[0,1]. 

Let Ao be a positive eigenvalue of the Hammerstein operator H a , a > 1. Then there exists 
fo G A4 0 such that H a f 0 = X 0 / 0 . Take A G (0, +oo), A yf A 0 . Define function h 0 (t) G Co"[0, 1] 
by 
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Then 



— Aho, 


i.e. the number A is an eigenvalue of Hammerstein operator H a corresponding the eigen¬ 
function h 0 (t). It can be easily checked: if the number Ao > 0 is eigenvalue of the operator 
H a , a > 1, then an arbitrary positive number is eigenvalue of the operator H a . Therefore we 
have 


Lemma 2. a)Let a > 1 .The equation R a f = f has a nontrivial positive solution iff the 
Hammerstein equation H a g = g has a nontrivial positive solution. 

Let a > 1. Denote by Nf ixp (H a ) and Nf ixp (R a ) numbers of nontrivial positive solutions 
of the equations (12.11) and (12. 2\) . respectively. 

Theorem 3. Let a > 1. The equality Nf ixp (H a ) = Nf ixp (R a ) is held. 

Denote 


m — min K(t,u), M 0 = maxA'(0,tt), 
t,ue[o,i] «e[o,i] 

M — max K(t,u), mr> = min K(0,u). 
t,«e[o.i] ue[o,i] 

Theorem 4. Let a > 1. If the following inequality holds 


( M\ a f m\“ 1 

Vm, 0 y \M 0 ) < a 


then the homogenous Hammerstein equation H2.1\) and the equation \2.2\) has unique non¬ 
trivial positive solution. 

Analogous theorem was proved for a = k e N, k > 2 in [12] and proof of the Theorem 3] 
is analogously to its. 


3. Existence finite positive solutions of homogeneous Hammerstein equation 

In this section we’ll show the existence of n G N positive solutions of homogeneous integral 
equation of Hammerstein type (II. 2ft . 

For all p, n e N we define following matrices: 


A (p) — 
- 


\ 2(2p+i+j-2)' 

2(2p + i + j) — 3 \2) 


, n,p G N. 


B[ai,..., a n ; bi, ...b n ] — (—-J 

VL-bjJ 


i,j=l,n 

, Ui.bj > 0 . 


"■ + b jJ ij=— r 
C<f> = S[4p,4(p+ l),...,2(p+n- 1); 1,5, ...,4n - 3], 


(3.1) 

(3.2) 


(3.3) 
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Lemma 3. f2ffj Let n > 2. Then 


det B[ai,a n ; bi, b n \ = 
Corollary 1. det Ai p) = (i) 2n ( 2p+n b det 


E[l<i<j<n[( a * a j)(bi bj)] 

m i= M + bj) 


Proof. Let i,j = 1 ,n. We multiply by 2 2 ^ P+J b the column j of the matrix A^C and then 
multiply by 2 2 Wb the row i of the matrix obtained. As a result we get ClC. □ 


Lemma 4. Let B 1 [ai, a 2 , a n ; b±, 62, • ••, b n ] = {>%},;j=Ty is an inverse matrix of 
B[oi, ci2; ^i; b‘2■ b n ]. Then 


Pji = 


m=i(a- + bj) nr=i,s^i( a i + bs) 


n 


n 

S=l,sj£j 


(bj - bs) rC=i |S ^i( a * - a *) 


Proof. Subtracting the jth column of B[ai, a?, ..., a n ; 61 , 62 , ■ b n ] from every other column we 
get a following equality 


1C 1.,/A ~ bs 
n”=i( a s +^ 


det B[ai,a n ; 61 , b n ] = 


det B[a 1; a 2 , 

.., a n ; 61 , b 2 

,..., 6 n ] 



/ 1 

1 

1 1 

1 \ 


r ai +61 

CLl~\-bj — 1 

ai+ 6 j_|_i 

ai+b„ ’ 


1 

1 

1 1 

1 

>.) 

02+^1 

a 2 + 6 j-i 

^ 2 +^j + l 

a 2 + f>n 


1 

1 

1 1 

1 


^ a,n~\~b\ 


fln-bfrj+1 

Ojn~\~bn J 

1 row the zth 

row for every j G { 1 , 2..., i - 

- 1 , i + 1 , 

Us&ibj-b 

orc= Wl ( 

0-2 &s) 



rc=i( a s+ bj) rc=w^+c 


K, b\j 6 n ] 


where B^d[ (I|] a re ; 61 , 6 n ] is the cofactor of the element a + a in B[oi,a n ; 61 , b n ]. 
Since 


Pji = 


det B^’ j) [ai,a n ; b 1 ; b n ] 
det B[oi,a n ; 61 , ...,b n ] 


This completes the proof. 


□ 


(A‘0- 1 = {OtfE 




Let be 
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Remark 1. For each element of (A^) 1 the following equality holds 

, = , 2p+i+i -n + i n^i(4p + 2. + 2j - 3) n? =Wj -(4p + 2. + 2j - 3) 

Proof. By Corollary [Tj and Lemma 0] we get 

= 4 2 p+i+j . det Ap + 2, ..Ap + 2{n — 1); 1, 3, ...2n — 1] = 

Qjl det B[4p, 4 p + 2, ..Ap + 2(n — 1); 1, 3, ...2n — 1] 

_ <2p+i+j Iir=i(4p + 2s + 2j - 3) nr=i,s^i(4p + 2S + 2z - 3) 

1 m=i,^(2j-2s)n: =1 ,^(2i-2s) ■ 


□ 


Denote 


P(s,n,p) (w) Usiti 4“ ... 4“ a 


i.U 


2(n+p)—3 


s, n,p e N, u G [0,1]. 


AT( njP )(t, tt; k) = 1 + ( \/l 4- t 2(p+s) 1 - 1 j (/?( s ,„,p) (u), k 6 N, k > 2, t, u e [0,1]. 

S=1 


Remark 2. For the given k e N, k > 2 f/ze following inequality holds 


I< 


(n,p) 



- K( n , 1) 



(t,«) e [0, l] 2 ,n,p e N. 


Put 


64 4 n — 1 / (4n+l)!! \ 2 

~9~ ' 4n + 1 V(n- l)!(2n + 1)!! / 


Lemma 5. Let n G N. If k > (o(n) t/zen t/ze following inequality holds 

K(n,p) > °> (*> u ) e [0,if,peN. 

Proof. For p = 1 from Remark [l] we have 


a. 


= 4 i+i _ n+ 3 rc=i( 2 *+ 2s 4- 1 ) n:=i,^( 2 j+ 2s + 1 ) 




n 


5=l,S^i\ 


^)n:= 




# 0 ' 


Then 


Oti,j 


4(4j + l)(2j + 2n + 3) 
(2j + 3) (4j + 5) 


z = !,n, j 


1, n — 1 


and 
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ji 


Qti 


4(n — i){2i + 2n + 3) . 


i(2i + 3) 


i — 1, n, j — 1, n — 1. 


From above one has max,- |a tJ | = |QCnn| - By Remark Q] we can take 

1 


K, 


(n,p) 


u - \k >1-max \an\ > 

2 2’ ) ~ 3 i,j=T~n 


*'l+ ■' 2 


2s+l 


-1 > 


> 1 


2\a„ 


n /2s+l 


3 k 


E U >l-( 4 ”-D- 

s=l k / 


64(2n + 3) 2 (2n + 5) 2 ...(4n - l) 2 (4n + 1) 
9k ((n — l)!) 2 


Since k > Co{n) one get K( n , P ) (t — u — A;) >0. This completes the proof. 


□ 


Proposition 1. Let rt G N. If k > Co( rj -) t/ien t/ie Hammerstein’s nonlinear operator H k with 
the kernel K{ n , p ) (t — u — fc) (p G N) /ias at least n positive fixed points. 

Proof. Let fj(u) = f/l + a 2 ( p+ t) _1 , j = 1, n and «i = u — ti = t — Put gj(t) = fj(t — |). 
We are showing functions r/j(t) are fixed points of the Hammerstein operator H k with the 
kernel A'(n, P ) (t — it — fc) : 

K (n,p) 9j( U ) du = 

= j" K(n , P ) ^ u ~ ^ fj (n ~ ^ du = J x ( f ii u i! k ) fj( u i)dui = 

1 + ^ f \A + V P+ ) — 1^ <^( s ,n,p)(wi) 


s=l 


i + u 2 ^)- 1 ) d Ul = 


Hence 


1 + E V 1 + ( k +Sl_1 - 1 r (a, 1 uf- 1 ' l+2 ‘ +2i + ... + 0 „uf +2 ‘ I+ ' + “»-») A, = 

S=1 k ' d \ 

i+ it ( V i+t i (p+s) ” 1 -= \ji+ti {p+j) -\ 

s=l k ' 

K(n,p) g k j( u )du = gj(t), j G {1, 2, n}. 


□ 


Theorem 5. For each n G N there exists D > 1 and a positive continuous kernel K(t , u) such 
that Hammerstein integral equation H1.2\) has n positive solutions. 
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4. Gibbs measures for models on Cayley tree r fc 

In this section we study Gibbs measures for models on Cayley tree. You may be acquaint 
with definitions and properties of Gibbs measures in books [b4j, [23], [25]. A Cayley tree 
(Bethe lattice) T k of order k G N is an infinite homogeneous tree, i.e., a graph without cycles, 
such that exactly k + 1 edges originate from each vertex. Let T fc = (V, L) where V is the set 
of vertices and L that of edges (arcs). Two vertices x and y are called nearest neighbors if 
there exists an edge l G L connecting them. We will use the notation l = ( x,y ). A collection 
of nearest neighbor pairs (x, aq), (aq, x 2 ), ■■■(xd- i, y) is called a path from x to y. The distance 
d(x, y) on the Cayley tree is the number of edges of the shortest path from x to y. 

For a fixed x° G V, called the root, we set 

n 

W n = {iG V\d(x, x°) = n}, V n = U W m 

m =0 

and denote 

S(x) = {y G W n+ 1 : d{x, y) — 1}, x G W n , 
the set of direct successors of x. 

Consider models where the spin takes values in the set [0,1], and is assigned to the vertexes 
of the tree. For A C V a configuration a a on A is an arbitrary function a a '■ A —» [0,1]. 
Denote Qa = [0, l]" 4 the set of all configurations on A and D = [0, l] v . The Hamiltonian on 
T k of the model is 


H(cr) = -J £(yO)w(?/)), (4.1) 

(x,y)eL 

where J G R\ {0} and ^ : (u, v) G [0, l] 2 —> £ u>v G lisa given bounded, measurable function. 

Let A be the Lebesgue measure on [0,1]. On the set of all configurations on A the a 
priori measure is introduced as the |A| fold product of the measure A. Here and further 
on |A| denotes the cardinality of A. We consider a standard sigma-algebra B of subsets of 
D = [0, 1} V generated by the measurable cylinder subsets. 

Let a n : x G V n K > a n (x) is a configuration in V n and h : x G V ha h x = ( h t , x , t G [0,1]) G 
be mapping of x G V \ {x 0 }. Given n — 1,2,..., consider the probability distribution 
pA 1 ’ on Qy„ defined by 

y {n \(Tn) = Z~ x exp (-pH(cr n ) + Y K{x),x \ ■ (4.2) 

V xe w n / 

Here, as before, a n : x G V n t—>• a(x) and Z n is the corresponding partition function: 


Z n 



(dH^CTn) + 'y ^ h a (x) )X I A Vn(&n)i 


x&W, 


(4.3) 


where (3 = T 1 ,T > 0— temperature. The probability distributions are compatible 
[13] if for any n > 1 and cr n _i G : 
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^ n \a n - 1 V u n )X Wn (d(uj n )) = p (n ij (cr n _i). 


— Il( n— 1) I 


(4.4) 


w n 


Here <r n _i V u n E f2y n is the concatenation of <r n _i and c o n . In this case there exists LL4J a 
unique measure g on fly such that, for any n and o n E Oy n , L 


fa 

= O n 

l 

Va J 


The measure fi is called splitting Gibbs measure corresponding to Hamiltonian (14. Tj) and 
function x ha h x , x x°. 

The following statement describes conditions on h x guaranteeing compatibility of the cor¬ 
responding distributions gS n \a n ). 


Proposition 2. JT3J The probability distributions yf n \o n ), n = 1,2,..., 
patible iff for any x E V \ {x 0 } the following equation holds: 


in HJfy are com- 


/(«.»)= n i exp lZt‘iT s \T ■ <«> 

y£S(x) Jo ex P( J PSo, u)f{U, y)du 

Here, and below f(t , x) = exp (h t x — h 0 x ), t E [0,1] and du = X(du) is the Lebesgue measure. 

We consider £ tu as a continuous function and we are going to solve equation (14.51) in the 
class of translation — invariant functions f(t,x ) (i.e. f(t,x ) = f(t) for all x E F k \ {x 0 }) 
and we’ll show that there exists a finite number of translation — invariant Gibbs measures 
for model (14. Tj) . 

Then for translation-invariant functions the equation (14.5p can be written as 

{R k f){t) = f{t), kEN (4.6) 


where K(t,u ) = Q(t,u ) = exp( J(3£ tu ), f(t ) 6 Cq"[0, 1], t,uE [0,1] (see pT3] , [12]). 

Consequently, for each k E N, k > 2 Hammerstein integral equation corresponding to the 
equation (14.6ft has the following form: 


Q(t, u)f k (u)du= /((). 


(4.7) 


By Theorem [3] and Propositions [T] [2] we’ll get following Theorem. 
Theorem 6. Let n E N. If k > (o( n ) then the model 

H E) = -I £ ln ( K 

<x,y> ' 

on the Cayley tree F k has at least n translation-invariant Gibbs measures. 


(n,p) 


^ 0 ) - ~ 2 ;k 


a E fl, (p E N) 
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